UNIVERSAL MODELS VIA EMBEDDING AND REDUCTION 
FOR LOCALLY CONFORMAL SYMPLECTIC STRUCTURES 



JUAN C. MARRERO, DAVID MARTINEZ TORRES, AND EDITH PADRON 



Abstract. We obtain universal models for several types of locally confor- 
mal symplectic manifolds via puUback or reduction. The relation with recent 
embedding results for locally conformal Kahler manifolds is discussed. 



1. Introduction and statement of results 

A manifold M endowed with a nondegenerate 2-forin $ is an almost symplectic 
manifold. An almost symplectic manifold (M, $) is said to be locally conformal 
symplectic (l.c.s.) if for each x G M, there exist an open neighborhood U oi x and 
a function a -.U -^M. such that {U, e~'^$) is a symplectic manifold, i.e., d{e~"'^) = 
([TTJI31]). This type of manifolds are included in the category of Jacobi manifolds. 
In fact, the leaves of the characteristic foliation of a Jacobi manifold are contact or 
l.c.s. manifolds (see, for instance [HI El HE] ) • For manifolds of dimension greater 
than 2, an assumption we make from now on, the l.c.s. condition is equivalent to 

d$ = a;A$, (1) 

where w is a closed 1-form, the Lee 1-form. The 2-form $ is referred to as a l.c.s. 
form. Recalling that any closed 1-form defines a twisted de Rham cohomology, 
equation [T] describes a l.c.s. form as a non-degenerate 2-form which is closed in a 
twisted de Rham cohomology complex. This viewpoint is relevant to draw analogies 
with symplectic geometry. 

If $ is a l.c.s. form, then so is /$ for any / e C°°{M) no-where vanishing. The 
l.c.s. forms $ and /$ are said to belong to the same conformal class. We will 
always assume / to be positive, so our conformal classes will be -strictly speaking- 
positive conformal classes. 

A salient feature of l.c.s. structures is that they provide a framework for Hamil- 
tonian mechanics more general than the one provided by symplectic structures (see 
[23] or for instance, the recent paper by Marie where the theory of conformally 
Hamiltonian vector fields was applied to the Kepler problem). 

It is natural to investigate up to which extent properties of symplectic manifolds 
and techniques in symplectic geometry generalize to l.c.s. geometry. In the sym- 
plectic context, for instance, there is a noteworthy work on embeddings (see, for 
example, [33]) and on reduction (see the book by Ortega and Ratiu [3(1 and ref- 
erences therein; see also the book by Marsden et al 21i for Hamiltonian reduction 
by stages). 
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For l.c.s. geometry, some results on the group of automorphisms of a l.c.s. 
structure [13] , on reduction [2] , on Moser stabihty type results [T] and on existence 
of l.c.s. structures on open manifolds via a h-principle [7] have been obtained. 
Another very active line of research in the subject is centered in locally conformal 
Kdhler (l.c.K.) manifolds. These are complex manifolds with a Hermitian metric 
locally conformal to a Kahler one; the underlying l.c.s. structure is defined by the 2- 
form associated to the Hermitian metric. The role played by l.c.K manifolds within 
l.c.s. manifolds is analogous to the one of Kahler manifolds within symplectic ones. 
Among the very remarkable recent results in l.c.K. geometry, one finds an analog 
of Kodaira embedding theorem for a subclass of l.c.K manifolds |27j . 

Kodaira embedding theorem is a very good example of a result in Kahler ge- 
ometry, which with the appropriate formulation holds also in symplectic geometry. 
Namely, Tischler [33j proves that any integral, compact, symplectic manifold sym- 
plectically embeds in some projective space. In other words, projective spaces with 
the integral Fubini-Study symplectic form are universal models for integral sym- 
plectic structures in compact manifolds. With regard to in which sense Tischler 
embedding relates to Kodaira's result, it is known that in general one cannot find 
holomorphic embeddings which at the same time pull back the Fubini-Study metric 
to a (suitable multiple) of the given Kahler metric. But one easily goes from the 
holomorphic to the symplectic embedding by applying Moser stability to the convex 
combination of the two cohomologous Kahler forms. 

Motivated by the aforementioned results of Tischler, and Ornea and Verbitsky, 
in this paper we take up the problem of investigating the existence of compact 
universal models for l.c.s. structures. Roughly, this amounts to finding families of 
compact l.c.s. manifolds -which will be rather special- together with a procedure 
-either puUback or reduction (though for the latter compactness will be dropped)- 
which allows us to produce any given l.c.s. structure under reasonable constraints. 

Our first result provides a positive answer for a type of l.c.s. structures, exact 
l.c.s. structures with integral period lattice on compact manifolds (see sections [3] 
and [4] for background on l.c.s. structures). 

Theorem 1. Let (M, $,0;) be a compact manifold of dimension 2n endowed with 
an exact l.c.s. structure, whose Lee form uj has integral period lattice. Then, for 
any N > 4n + 2, there exist an embedding VE* : M — )■ 5*^^"^ x and a real number 
c, c > 0, such that 

5'*(c?7jv) = a, ^*{d0)=uj, ^'*(c$Ar) = $, (2) 

where rj^ is the standard contact 1-form on S"^^^^ , dO the standard integral 1-form 
on the circle and the associated standard l.c.s. structure with integral period 
lattice on S^^'^ x . 

Using the language introduced in section the embedding 5* is a full strict mor- 
phism into (5*^^^^ x S^,dd) which pulls back the homothety class of rj^ into the 
homothety class of a (and thus does the same for the l.c.s. forms). 

As a consequence of Theorem [1] we deduce the following result: 

Corollary 1. Let M be a compact manifold of dimension 2n endowed with a l.c.s. 
structure, whose Lee form uj is not zero in some point of M , it has integral period 
lattice and it is parallel with respect to a Riemannian metric on M. Then, for any 
N > 4n + 2, there exist an embedding : M S^^~^ x and a real number 
c, c > 0, such that 



5-*(c77jv) = a, ^*{de)=uj, **(c$n) = $, 
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where tjn is the standard contact 1-form on 5^ ^, d6 the standard integral 1-form 
on the circle and the associated standard l.c.s. structure with integral period 
lattice on S^'^-^ x S\ 

The manifold 5^^^^ x admits many l.c.K. structures with integral period lat- 
tice associated to diffeomorphisms with linear Hopf manifolds Ha [H] (see section[S] 
for background on l.c.K. structures). The standard l.c.s. form with integral period 
lattice in theorem [1] underlies the l.c.K. form associated to obvious diffeomorphisms 
to several diagonal Hopf manifolds. In [26l [27] it is shown that any compact l.c.K. 
manifold of complex dimension at least 3 with automorphic potential -an appro- 
priate generalization of exact l.c.s. structures in the l.c.K. setting for which the 
underlying l.c.s. structure is exact- admits a holomorphic embedding into a linear 
Hopf manifold Ha ■ 

Our second result asserts that the relation between theorem [T] and Ornea and 
Verbitsky embedding, mimics the relation between Tischler and Kodaira embed- 
dings. 

Theorem 2. Let (J, <i>g,r) be a l.c.K. structure with automorphic potential and 
integral period lattice on a compact manifold M. Let {M, J,^g> ,r') be the l.c.K. 
structure with automorphic potential and integral period lattice induced by any of 
the holomorphic embeddings ^: {M,J) {Ha, J a) in PSI I27j. where {Ha, J a) 
is endowed with a l.c.K. structure '^a with integral period lattice as described in 
[HKIH]- Then there exist diffeomorphisms ip: M ^ M and (j): Ha ^ g2N-i ^ gi ^ 
such that 

• (f> pulls back the standard l.c.s. form $jv on the sphere S"^^^^ x to the 
positive conformal class of '^a ■ 

• if is isotopic to the identity and pulls back the l.c.s. form ^g> to the positive 
conformal class of $g . 

Therefore, 

where f is a strictly positive function. Equivalently, cf) o ^> o tp is a full morphism 
which pulls back the conformal twisted cohomology class of into the conformal 
twisted cohomology class of <f>g . 

The diffeomorphisms if and <f> are constructed via the Moser stability result in 

m- 

Theorem [T] provides a way of producing all exact l.c.s. structures with integral 
period lattice on compact manifolds via pullback (or restriction). Very much as in 
symplectic geometry, one can give conditions so that a reduction process is possible 
for l.c.s. structures [M]. Thus one may ask about the existence of universal models 
for l.c.s. structures via reduction. Our third main theorem gives a positive answer 
to this question for l.c.s. structures of the first kind on manifolds of finite type, and 
it is a natural generalization of results in [TUJ [TBI [12 • 

Theorem 3. Let (Af, a) be a finite type manifold of dimension 2n, endowed 
with a l.c.s. structure of the first kind with rank k period lattice A. Then, for any 
N > An + k, the l.c.s. manifold (M, $,a) is isomorphic to the l.c.s. reduction of 
certain strongly reducible submanifold of 

{RxJ^T'' xM^),$^v,A,aw,fe,WA). 

The l.c.s. structure $7v,A is of the first kind with potential 1-form aj^i^k the canonical 
1-form in the first jet space off^ x M^. Its Lee form wa has period lattice A. 

We also prove an equivariant version of the previous theorem. 
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Theorem 4. Let G he a compact connected Lie group which acts on a finite type 
l.c.s. manifold (M, $,a) of the first kind with rank k period lattice A, via a l.c.s. 
action : G x M ^ AI of the first kind. Then, for a sufficiently large integer 
N, (M,^,a,ip) is isomorphic to the l.c.s. equivariant reduction by a certain G- 
invariant strongly reducible submanifold of the l.c.s. structure of the first kind 
{Mk.N = M X Ji(T'= X M^), $A,,A, afc,jv, WA, V^fe,jv), where ^k.N : G x A^^^ ^ Mk,N 
is a l.c.s. action of the first kind. 

In looking at the problem of existence of universal l.c.s. manifolds linking with 
the results in (23 [57], one is naturally led to ask about the existence of (compact) 
universal models for compact manifolds endowed with an arbitrary 1-form. This 
is a problem that was addressed in much more generality in [23], where universal 
models for (principal) connections on principal bundles for compact groups were 
constructed. For U (1) the universal models are 5*^^"^ CP^~^ with the standard 
contact 1-form rjN- Any 1-form on a manifold M defines a connection on the trivial 
principal bundle M x J7(l). By [33] one produces a bundle morphism Af " xU{l) 

which composed by the right with the inclusion Af — A^ x {1} pulls back the 
standard contact 1-form to the given 1-form. It turns out that if one is interested 
not in every compact group but just in U{1), a slightly different proof allows to cut 
down substantially the dimension of the target sphere from 8n + 3 to 4n -I- 3. 

Theorem 5. Let M be a compact manifold of dimension n and Q be a l-form on 
M . Then for any N > 2n + 2, there exist an embedding 5* : Af 5*^^^^ and a real 
number c, c > 0, such that 

**(c7?^) = e. 

In particular, if Q is a contact 1-form one obtains an strict contact embedding 
between the contact manifold {AI,Q) and {S'^^^^ jCrj^). 

The paper is organized as follows. In section [2] we will show that a univer- 
sal model (via embeddings) of a compact manifold endowed with a 1-form is the 
(2A'^ — l)-sphere with its standard contact structure (up to the multiplication by a 
constant). In section [3] we will recall some aspects of twisted de Rham complexes 
and their cohomology; this setting allows to introduce l.c.s. structures as a twisted 
version of symplectic structures. In section [3] will prove that for a compact exact 
l.c.s. manifold M with integral period lattice, there exist a natural number N and 
an embedding which pulls back the standard l.c.s. structure with integral period 
lattice in 52^-1 x 5^ to the l.c.s structure on Af. In the particular case of l.c.K. 
manifolds, we will relate our results with the ones proved recently by Ornea and 
Verbitsky. In section [HI we will describe a universal model for reduction of a l.c.s. 
manifold of the first kind (theorem . An equivariant version of this last result is 
proved in section[7](see theorem[3|). The paper ends with our conclusions, a descrip- 
tion of future research directions and an appendix where we show the non-exactness 
of the Oeljeklaus-Toma l.c.K. structures. 

2. Universal models for 1-forms 

In this section we show that the spheres with their standard contact structures 
are compact universal models for compact manifolds endowed with 1-forms. An 
upper bound for the dimension of the corresponding model sphere in terms of the 
dimension of the given manifold is also obtained. 

Given a manifold endowed with a 1-form {M, Q), it is always possible to induce 
the 1-form via an embedding in some Euclidean space endowed with a linear 1- 
form. Specifically, in M^" = T*IR" with coordinates xi,yi, . . . ,Xn,yn, we consider 
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the Liouville 1-form 

n 

A manifold M can always be embedded as a closed submanifold of some Euclidean 
space R^, and Q can be assumed to be the restriction of 8 G r2^(R^). Using the 
universal property of the Liouville 1-form in the cotangent bundle, the restriction 
of Q : R^ T*R^ is shown to provide an embedding with the desired property. 

If our manifold is compact, we would like to have a similar result but with 
compact universal models as well. Work of Narasimhan and Ramanan [23] shows 
that a solution is given by (5^""^, where the standard (contact) 1-form rjn is 
the restriction to the sphere of the 1-form 

1 " 

= i^^ijJjdxj -Xjdyj). 

Their result fits into the more general framework of existence of universal connec- 
tions for principal bundles for compact groups. More precisely, they give a common 
construction for all unitary groups which includes a bound in the dimension of the 
target sphere. If one is just interested in U{1), it is possible to find an approach 
which allows to obtain target spheres of smaller dimension than in |23j . 

Proof of theorem [31 Firstly, Whitney's Theorem grants the existence of an embed- 
ding z: M — > R^". We let U he a neighborhood of i{M) such that its closure U is 
compact. Denote by Q an extension of & to U . Then, 

p 

Q — fidxi, with p < 2n, (3) 

i=l 

where (xi, . . . , X2n) are the restriction to U of the standard coordinates in R^", and 

fi e C^{U). 

Since U is compact, there exists ri > such that 
p 

Y.^Uk{x)f + {xkf) <rl, Wx^ixi,..., X2n) e U. 
fc=i 

Now, we consider the map : J7 ^ R^p+-^ given by 



= {xiji{x),...,xpjp{x), 



\ 



'f-E((/.w)' + (^t)').o) 



fe=i 



which satisfies that C S'2p+i(ri) and *^(ryp+i) - dip, where S'^P+'^{ri) 

is the sphere of dimension 2p + 1 and radius ri , and ip is the function on U given 

by 



1 

T^C^fkXk)- 



2 

Using again that U is compact, we deduce that there exists r2 > such that 

p 

7(x) = 1 -f {p{x)f + Y.{{fk{x)f + {xkf) < rl for all x e U. 

k=l 

Then, the function : C/ ^ R2p+4 defined by 

*2(2^) = ixiji{x), ...,Xp, fp{x), \Jrl- -i{x), 0, Lp{x), 1) 
induces an embedding ^'2 : [/ — > S'^'P^^{r2) such that 

n{vp+2) = e. 
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Finally, if we consider the homothety : 5*2^+3 (rj) -> S'^p+^ = S'^p+^{1) given 

by 

we have that 5'3(7]p+2) = ^ilp+2- This ends the proof of our result. □ 

Remark 1. There is a clear analogy between the proof of theorem [S] and Tischler 
embedding theorem: as a first step one obtains a map into the sphere (resp. projec- 
tive space) using basically the universal property of cotangent bundles (resp. that 
CP°° is the Eilenberg-MacLane space K{Z,2)). That map gives a solution up to 
an exact 1-form (resp. 2-form). Then one needs to use special properties of the 
standard 1-forms rjN (resp. the Fubini-Study 2-forms) which makes a correction 
possible at the expense of increasing by two the dimension of the target. 

Remark 2. Our proof is similar to the lemma in section 3, which allows 
to obtain universal models for principal connections on trivial U (n)-bundles over 
(subsets of) Euclidean space. The difference is that what we make in two steps 
(firstly getting the result up to an exact form and then finding a suitable correction) 
in [2 3) is done in just one step and for all unitary groups. It is that what allows to 
cut down the dimension from 8n + 3 to m, with m < 4n + 3. 

3. Twisted de Rham complexes and local conformal closedness 

In this section we recall a few facts about twisted de Rham differentials and their 
cohomology, which will be useful for our understanding of l.c.s. structures. 

Let M be a manifold. The vector space of smooth functions acts on i7* (M) by 
C°° (M)-automorphisms 

n*{M) 4 n*{M), f £ c°°{M). 

This is not a chain map but it becomes so if we consider the complexes 

n*{M,d)^n*{M,ddf), f ec°°{M), (4) 

where we use the twisted de Rham differential 

ddf{a) := da — df A a. (5) 

Any 1-form uj can be used to twist the de Rham differential into di^ as in ^ 
substituting df by lu. In this case = if and only if lu is closed. Generalizing 
smooth functions act on twisted de Rham complexes 

n*{M,d^) ^ n*{M,d^+df), f e c°°(M), (6) 

and the isotropy of any twisted de Rham complex is determined by the constant 
functions. We call the equivalence classes conformal classes of twisted de Rham 
complexes] we speak of homothety classes of twisted de Rham complexes if we just 
consider the action of constant functions. Clearly, twisted de Rham complexes are 
in bijection with closed 1-forms; the action of functions described above corresponds 
to the action given by adding the differential of the function, and conformal classes 
of twisted de Rham complexes correspond to cohomology classes of 1-forms. In 
particular the conformal class of de Rham complex corresponds to exact 1-forms. 

If w is closed, the cohomology of the complex r2*(M, d^j) is the twisted de Rham 
cohomology H*(M) (also referred to in the literature as Lichnerowicz cohomology 
or Morse-Novikov cohomology), and ^ induces isomorphisms of twisted cohomolo- 
gies. The twisted de Rham cohomology of a conformal class of twisted de Rham 
complexes is the twisted de Rham cohomology of any of its representatives. The 
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honiotethy class of the twisted de Rham cohomology of a twisted complex is its 
twisted de Rham cohomology modulo automorphisms induced by the constants. 

Let a; be a closed 1-form in M . Then cj can be identified with the additive 
character 

w: Hi{AI,Z) M. 

The image of Hi{M, Z) (or 7ri(Af)) by w is a lattice A inside of R. We define the 
period lattice and rank of (Af , lo) to be A and its rank, respectively. In particular 
a discrete period lattice is the same as a rank 1 period lattice. We will say that 
LO has integral period lattice if A = Z C M. These are invariants of the conformal 
classes of twisted de Rham complexes. 

Let (Af, w) and (Af',cj') be manifolds endowed with closed 1-forms. A smooth 
map 0: (Af, cj) — > (Af',aj') is a morphism if it pullbacks the conformal class of 
n*{M,di^i) into the conformal class of n*{M,di^). The morphism is strict if it maps 
one twisted complex into the other. Alternatively, is a morphism if ['/>*a;'] = [lo] 6 
H^^{M), and it is strict if the equality occurs at the level of 1-forms. If (j)*Lu' = uj+df 
we call / a scaling function (which is unique up to constants) . 

For a morphism 0: (Af, oj) ^ {M',uj') we have A C A', and thus it is rank 
decreasing. A morphism is called full if A = A'. 

Given a morphism 0: (Af, w) — > {M',uj') and / a scaling function, there is an 
induced homomorphism 

r.K,{M') h:{m) 

(3' ^ e-^0*/?'. (7) 

To get rid of the choice of scaling function one has to pass to the honiothety class 
of the twisted de Rham complexes. 

3.1. Twisted de Rham cohomology and de Rham cohomology. There are 
two natural ways in which twisted de Rham cohomology can be related to de Rham 
cohomology. They correspond to ways of neglecting the non-exactness of w: working 
locally or going to a suitable covering space. 

3.1.1. Local conformal closedness. Recall that a form (3 G ft''{M) is said to be 
locally conformally closed if for each x £ Af , there exist an open neighborhood U 
of X and a function cr : /7 — M such that e~"'/3 is closed. 

Remark 3. Depending on the local behaviour of /3 there might be no uniqueness 
up to additive constant in the choice of a. One way to attain such uniqueness is to 
ask l3 at each point not to have isotropic hyperplanes. 

Let Ui, i £ I, he an open cover so that lu^jj. is exact. Then the inclusion 
{Ui,0) ^ (Af, w) is a morphism. If /3 is dt^-closed, then by ([7]) e~-^'/3 is closed in 
Ui, where fi is a scaling function. In particular is locally conformally closed. 
Conversely let /3 be a locally conformally closed form such that the local functions 
: f/j — >■ M, « 6 f , are unique up to constant. Then the Cech cocycle /S^jj. 6 
H^^,{M) glues into a cocycle /S G H*{M), where uj\u. = diJi. 

3.1.2. Covering spaces and automorphic forms. Let lo G fi^(Af) be closed. A cov- 
ering space tt: Af — >• (Af, w) is called exact if Co ■k*uj is exact. This is equivalent 
to saying that 

tt: (Af,0) ^ (Af,a;) 

is a morphism. Therefore according to (O, e^^n*/] is closed whenever (3 G il''{M) 
is dtj-closed, where / is a scaling function. The smallest exact covering space of 
(Af, w) is the one with fundamental group the kernel of the additive character w. 
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Consider the muhiphcative character 

X:T — > R>" 

7 ' — > Xh), 1*<^^ = xil)e^ ■ (8) 

For every /3 S ri*(M) the group of deck transformations F acts on e~^7r*/3 by 
homotheties 7 xil)- We denote the subcomplex of all forms with that property 
by il.*{M)^, and we refer to them as automorphic forms (w.r.t. x)- Note that x 
is related with the additive character w in a straightforward manner: the additive 
character induces additive character on M by pull back or equivalently by using 

1 ^ 7ri(if) ^ 7ri(M) ^ F ^ 1, (9) 

that we still denote by the same name, and one has 

~ Inx = (10) 

In particular this allows to read the additive character by data in the exact covering 
space (see also [32j). 

Conversely, we say that /3 £ D,*(M) is automorphic if the group of deck transfor- 
mations acts by homotheties on /?. We denote by the corresponding character. 
Using the character induces a character in M, and taking minus its logarithm an 
additive one, that is an element in H^{M, Z). Let ui^ G fl^{M) be a representative. 
Then 

tt: iM,0)^{M,Lo^) 

is a morphism. Let / be a scaling function for 7r*a;^. Then by PH)) e-^/? is invariant 
under the action of F, and thus descends to /? G rt'^{M) which is -closed if [3 is 
closed. 

We summarize this correspondence in a lemma for its latter use (see also [3]). 

Lemma 1. Let n: M ^ {M,lu) be a exact covering space. Then it determines a 
character x such that the assignment 

P ^ c-f^, (11) 

where f is a scaling function, is a monomorphism of chain complexes sending forms 
into automorphic forms. To avoid the choice of scaling function one may speak of 
a monomorphism from the homothety class of^l*{M,d^) to the homothety class of 
the subcomplex f2*(M, d)^, which descends to homothety classes of twisted de Rham 
cohomology. 

Conversely, any character x,: F — >■ K^*^ determimes a cohomology class o/iJ^(A/, K), 
and for any representative uj^ a chain map 

n*{M,d)^ ~^n*{M,d^j. (12) 

To get rid of choices one speaks of a well defined map form the homothety class 
offt*{M,d)^ into the conformal class of ft* {M , d^^^) . Clearly, both constructions 
are inverse of each other (when we consider conformal classes of twisted de Rham 
complexes in M ). 

3.2. Computations of twisted de Rham cohomology. As for computations of 
twisted de Rham cohomology (for uj non-exact), these are hard. If M is connected 
H^{M) = 0, and if additionally M is compact and orientable then iJ*°P(M) = 
[31 [TTJ [12]. Under the compactness and orientability assumptions, because the 
twisted differential is a degree zero deformation of the de Rham differential, the 
Euler characteristic of the twisted de Rham complex is the Euler characteristic of 
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M . If one further assumes that uj is paraUel for some Riemannian metric (and non- 
trivial) , then the twisted de Rham complex is acyclic [T7] . There are some explicit 
computations by Banyaga describing non-trivial twisted cohomology classes in a 
particular 4-manifold [1] 0] . 

Our contribution to computations of twisted de Rham cohomology will be show- 
ing that the degree 2 (conformal) twisted de Rham cohomology class associated to 
the so called Oeljeklaus-Toma l.c.K manifolds is non-trivial. We postpone the proof 
to the appendix 12] (proposition [3]), once the necessary material on l.c.K. structures 
has been introduced. 

Remark 4. It is natural to extend to the twisted setting geometries defined by 
conditions on forms and their exterior differentials. Thus, in order to get new 
examples of such structures one would like to have simple topological constructions 
to produce new twisted cohomology classes in a fixed degree. Unfortunately, these 
seem difficult to come up with (for example, given (M, a;) and (A/', a;'), it is natural 
to consider [M x AI' ,uj + uj'); it is true that if c?„/3 = dj^'/?' = 0, then di^+^i{PA(3') = 

0, but the degree is increased). 

4. Locally conformal symplectic structures 

Recall that an almost symplectic manifold (M, $) is said to be l.c.s. if $ is locally 
conformal closed ([TTl |31])- If we are in dimension greater than 2, an assumption 
which we make from now on, isotropic subspaces cannot have codimension 1, so a 

1. c.s. manifold is given by a closed 1-form to, the Lee form, and a maximally non- 
degenerate (ii^-closed 2-form In other words, a l.c.s. form should be understood 
as a symplectic form in an appropriate twisted de Rham complex. The cohomology 
class of the Lee form is the Lee class of (M, $). The rank and period lattice of 
the l.c.s. structure are the rank and period lattice of its Lee class. Several of our 
results are stated for l.c.s. structures with integral period lattice, but they remain 
valid for discrete lattices. 

Non-degeneracy is clearly a conformal property, and thus it is natural to consider 
conformal classes of l.c.s. structures. In this respect, it is worth pointing out that 
in l.c.s. geometry one is often able to get results at the level of conformal classes. 
A good illustration of this fact is the Moser stability result in ^ (see theorem [T]) , 
and the reduction by group actions in [T4| . Of course, it is much desirable to prove 
statements at the level of homothety classes or even of l.c.s. forms when possible. 

A l.c.s. manifold (M, $) is called exact if $ is di^-exact, where ui is the Lee form 
of (M, $). We will use the notation ($,a) for an exact l.c.s. structure $ with 
fixed potential 1-form a. Of course, the information given by either of the tuples 
($, a), ($, a, oj) is the same, so we often omit the Lee form. 

Very much as in symplectic geometry a l.c.s. form $ induces a vector bundle 
isomorphism b$ : TM — > T*M, given by 

\)^{v){x) = iv'^ix) for X e M and v € T^M. (13) 

Now, we consider the Lie algebra of infinitesimal automorphisms of {M, $), i.e., 

X$(M) = {X e X{M)/Cx'^> = 0}. 

Since $ is non-degenerate, we deduce that for all X E X$(Af), Cx^^ = 0, i.e., 
uj{X) = constant. Moreover, from dut = 0, we obtain that u;([X, y]) = 0, for all 
X,Y E X$(M). Thus, we have the Lie algebra morphism 

Z:X$(M)^R, l{X)=Lj{X) 

where on R one takes the commutative Lie algebra structure. In particular the anti 
Lee vector field 

E:=-\>^\iu) (14) 



10 



J. C. MARRERO, D. MARTINEZ TORRES, AND E. PADRON 



is in the kernel of I. 

If I =/= then we say that (M, $) is a l.c.s. manifold of the first kind. A choice 
of transverse infinitesimal automorphism (t.i.a.) B G ^^^(1) produces a 1-form via 
the formula 

a = -b$(B), (15) 

and it can be checked that 

d^a = 

Therefore l.c.s. structures of the first kind are in particular exact. We note that 
being of the first kind -unlike exactness- is a property of the homotethy class of the 
l.c.s. structure, but not of the conformal class in general [SJ (so in particular being 
exact is weaker than being of the first kind). We also remark that i[B,E]^ = Oj 
which implies that [B^E] = 0. 

Remark 5. Another way of arriving at the l.c.s. structures of the first kind among 
exact ones is as follows: Consider (M, $) an exact l.c.s. structure and select a a 
potential 1-form. In analogy with symplectic geometry one defines a vector field by 
Q = — b$(i?) and expects an special behaviour of $ under the flow if B. But one 
gets 

Cx^^{l-Lo{B))<^, 

and obtains either a Liouville type condition or a symplectic type condition by 
imposing ijj{B) = or ijj{B) — 1 (actually lli{B) ^ 0, but B is rescalled to give 
1). We are mainly interested in compact l.c.s. structures, so the Liouville type 
condition is impossible since $" is a volume form. Thus, the symplectic type 
condition, which coincides with being a l.c.s. structure of the first kind, appears as 
the relevant subclass of exact l.c.s. structures on compact manifolds. 

Remark 6. L.c.s. structures of the first kind in M^" are discussed under the name 
of contact pairs of type (n — 1 , 0) in [2 . 

An example of l.c.s. manifold of the first kind is (5^"^^ x S*^, <&„, rjm d9), where 
the canonical integral 1-forni on the circle d9 is the Lee form, and the contact 1-form 
rjn on 52"-! ig the potential 1-form (so $„ :— ddeVn)- 

The statement of theorem [T] -whose prove we are ready to give- is that (S*^"^^ x 
S"^, r]n, dO) are universal manifolds for exact l.c.s. structures with integral period 
lattice on compact manifolds. 

Proof of theorem [II By hypothesis we can write 

$ = d^a. 

Using theorem [5l we deduce that for any natural N > An + 2 there exist an embed- 
ding : M — > 5'2A'-i g^jjfj j-gg^j uumbcr c, c > 0, such that 

*^(cw)=a. (16) 

From the integrality assumption on the Lee form we conclude the existence of a 
smooth map t : M such that 

T*{de)^Lo. (17) 

Now, the embedding : Af 5*2^-1 x S'^ given by 

^{x) = (*i(a;),T(a;)) 

satisfies ([2]) , and this proves theorem [T] 

Note that (M, w) {S^ x S^^^^,d6) is a strict morphism which must be 
full since uj has integral period lattice and morphisms are rank decreasing. And by 
construction the homothety class of rjN is pulled back to a. □ 
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Remark 7. Theorem [T] remains true when the periods of the Lee form generate 
the discrete lattice gZ, q e ]R>*'. One needs to use instead the Lc.s. structures of 
the first kind (S*^^"^ x S^,^N,q,qr]N,d9), where ^N,q = q^N- 

Remark 8. If {M, $,a) is a Lc.s. structure of the first kind with t.i.a. B related 
to a as in (flS)) . then the Lee form is no- where vanishing. Therefore it defines a 
foliation without holonomy, the discreteness of the period lattice being equivalent 
to the foliation being a fibration over S^. The restriction of a to each leaf is a 
contact 1-form. So the Lc.s. structure of the first kind can be understood as a 1- 
parameter family of exact contact manifolds with a transverse automorphism (the 
integration of the t.i.a). With this description theorem [1] for Lc.s. structures of the 
first kind is the appropriate 1-parametcr version of theorem [5] for contact forms. 

Proof of corollary [TJ Under the hypotheses of the corollary, we have that 

7J^(M) = {0}, for aU k 

(see theorem 4.5 in [17]). Thus, the Lc.s. structure of M is exact and we may apply 
theorem [T] □ 

Remark 9. It is natural to define universal models for Lc.s. on compact mani- 
fold by requiring the existence of embeddings into them which are (1) full (strict) 
morphisms, and (2) pull back the (strict) conformal class of the Lc.s. form into 
the given one. This would imply the existence of a moduli parametrized by lattices 
A C M. As a consequence one would need to have a large supply of compact Lc.s. 
manifolds with arbitrary period lattice, but examples are scarce. In this respect it 
is noteworthy the family of Oeljeklaus-Toma l.c.K. structures which have arbitrary 
rank [32] . and are non-exact as will be shown in appendix|2](note that our universal 
models for reduction are exact Lc.s. manifolds with arbitrary period lattices, but 
they are non-compact). As an illustration of the difficulty of producing examples 
of Lc.s. structures consider a contact manifold {N, rj) and the associated exact Lc.s. 
manifold {S^ x N, dderj, d9). Now let S be an orientable surface. For the product 
manifold x N x 1] finding a 1-form a such that ddea is Lc.s. implies finding 
contact structures in S x iV. This is a very non-trivial problem whose solution was 
only found recently [5]. It is natural then to ask wheter given a Lc.s. manifold 
(M, $), one can endow S x M with a Lc.s. structure (in particular one would be 
overcoming the problems noted in remark]?] about producing new closed 2-forms in 
twisted de Rham complexes out of old ones). 

5. Relation with embedding results for l.c.K. manifolds 

In this section we will discuss the relation between theorem [T] and recent embed- 
ding results by Ornea and Verbitsky for locally conformal Kahler (l.c.K.) structures. 

5.1. Vaisman manifolds. A l.c.K. structure on a complex manifold {M,J) is 
given by a Hermitian metric g which is locally conformal to a Kahler one. The 
underlying Lc.s. structure is defined by the associated 2-form 

Equivalently, a l.c.K. structure is given by a Lc.s. form $ and an integrable compat- 
ible almost complex structure J. If (Af , J) (M, J) is a complex covering space, 
according to lemma [T] there is a one to one correspondence between homothety 
classes of automorphic Kahler forms VI on (Af , J), and conformal classes of l.c.K. 
structures in (Af, J) whose Lee class becomes exact in M. 

Let (M, J, ^g) be a l.c.K. manifold with Lee form oj. The Lee vector field B is the 
metric dual of the Lee form. By construction —JB is the anti-Lee vector field of the 
underlying Lc.s. as defined in p^ . A l.c.K. structure is called Vaisman if the Lee 
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form is parallel. It follows that B,E = —JB are both Killing, preserve J, and have 
commuting flows {B — iJE is a holomorphic vector field) [13 • If we go to an exact 
complex covering space (M, J), and we let Q, be in the homotethy class of Kahler 
forms furnished by lemma (TJ the lift of the flow of the Lee vector field is by Kahler 
homotheties. Unlike the case of l.c.K. structures the data (M, J, f2) determines 
uniquely the homotethy class of the Vaisman structure (M, J, $g). Thus, one can 
take this second approach as a definition of Vaisman structure. 

By definition the Lee vector field of a Vaisman structure belongs to X^^[M). 
Therefore Vaisman structures are the natural analogs in l.c.K. geometry of l.c.s. 
structures of the first kind (see also 0, where compatible almost complex struc- 
tures are also brought into the picture). It should be noted though, that Vaisman 
structures on a compact manifold have always rank 1 |25j . For simplicity we will 
normalize our Vaisman structures so that 1{B) = 1, i.e. we can take the Lee vector 
field as t.i.a., and thus — bj^(i3) is a potential 1-form for the l.c.s. structure $g 
(and in this way we fix a representative of the homothety class). 

Examples of Vaisman manifolds are the diagonal Hopf manifolds {Ha, J A: ^ a) 
[15j . One rather introduces these Vaisman structures by starting with the covering 
space {Ha, J a) (C^\{0}, Jstd), and taking F = Z generated by the hnear action 
of an invertible matrix A which has all its eigenvalues with norm < 1, and which 
is diagonalizable. Because of the conditions on its eigenvalues A is in the image 
of the exponential map and has a unique logarithm. That defines a 1-parameter 
group of holomorphic transformations whose time 1 map is the action by A. In 
[15], section 3, a family ri^,?, 9 G K^°, of Kahler forms for which the previous flow 
acts by Kahler homotheties is given. The unique normalized Vaisman structure in 
{Ha: J a) is denoted by ^A,q- The parameter q is such that the period lattice of the 
Lee form is qL. Diagonal Hopf manifolds are diffeomorphic to 5^^"^ x (see the 
discussion in the proof of proposition [T]). The standard l.c.s. structure in theorem[T] 
is the one associated to a diagonal Hopf manifold where A — Aid is a real multiple 
of the identity (for an obvious diffeomorphism between iJAid and S^^~^ x S^). 

5.2. L.c.K structures with automorphic potentiaL Theorem [T] holds not just 
for l.c.s. structures of the first kind with integral period lattice, but for exact 
ones. In (see also [57]) Ornea and Verbitsky have introduced the notion of 
l.c.K. structure with vanishing Bott-Chern class (or with automorphic potential): 
given any closed 1-form uj, in the presence of a complex structure the complexified 
twisted de Rham complex {^l* {M , C) , dui) can be split into its holomorphic and 
antiholomorphic components, and so the twisted differential 

This gives rise to a Bott-Chern cochain complex with cohomology groups ^^^''g (-^) , 
(see [IH] for details); the action of functions in ^ on twisted de Rham complexes 
induces an action on Bott-Chern cochain complexes. Suffice it to say here that for 
a l.c.K manifold (M, J, $g) the l.c.K. 2-form defines the Bott-Chern class 

[%]eHli'^jM), 

and that the identity induces a homomorphism 

Hll'^jM) ^ H^^{M) 

sending the Bott-Chern class to the class £ H^{M) (one has the usual equality 
idu^Bu, = d^d^, with d'^ = J*du,). 

A l.c.K. structure is said to have vanishing Bott-Chern class if [<I>g] G H^'^g (M) 
is trivial. Having vanishing Bott-Chern class is conformally invariant, and it also 
implies that the class E H^{M) is trivial, so the underlying l.c.s. structure is 
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exact. It is not clear whether the converse is true or not, this being related to the 
existence of a global d^^d^ lemma 20 . 

A Vaisman structure has vanishing Bott-Chern class, and a canonical d^ct^- 
potential is given by the constant function 1. Indeed, the equation 

is equivalent to 

d{ J*uj) $g + w A J*w, 
which in turn is equivalent to 

Cs'^g = isd^g + dis^g = 0. 

For a exact complex covering space {M,J) of (M, J, w), in the assignment de- 
scribed in lemma [T] dtjd^ -potentials for correspond to automorphic usual dd"^- 
potentials for the automorphic Kahler form associated to the choice of scaling 
function. If M is compact and M is the smallest exact covering space then the 
dd°-potential is proper 

One advantage of l.c.K. structures with automorphic potential is that one may 
construct new ones via small perturbations. For example going to a exact covering 
space M, one can perturb a bit the complex structure in the base, lift it, and 
perturb the initial potential a little bit so that the Kahler condition still holds (and 
one can also allow for perturbations of the subgroup F so that the Lee class can 
change). 

Examples of l.c.K. structures with automorphic potential are constructed in the 
linear Hopf manifolds (Ha, J a)- This is the same construction as for diagonal Hopf 
structures, but the invertible matrix A is just supposed to have eigenvalues of norm 
< 1. The automorphic potential is constructed by perturbation as indicated for 
example in [28] (see also [8]): the closure of the orbit of any A as above (by the 
action by conjugation of the complex general linear group) contains diagonalizable 
matrices A' . This implies the existence of a diffeomorphism Ha = Ha' , pushing 
J A in to a complex structure in Ha> that we still denote J a- One can assume 
that Ja and Ja' are as close as desired. Thus the same automorphic potential in 
the covering space {Ha' Ja' ) for the Vaisman structure ^a' defines an automorphic 
Kahler metric for the lift of the complex structure J a- This gives rise to a l.c.K. 
form with automorphic potential ^a in {Ha' , J a) (and hence in {Ha, J a)) by using 
the fixed Lee form in Ha' and the fixed scaling function in Ha'- 

Remark 10. Observe that for the given diffeomorphism the Lee form is the same 
for both ^A and ^a' also the automorphic potential in the covering space is chosen 
to be the same. Note as well that one can arrange for the existence of At, t £ [0, 1], 
Aq — A' , Ai — A and so that the construction holds with parameters (i.e. on has 
{Ha', J At, ^At), t e [0, 1] l.c.K. structures with the same automorphic potential (in 
the covering space) and the same Lee form). 

The main embedding result of Ornea and Verbitsky is the following: 

Theorem 6. (261 Let {M, J,^g,r) be a l.c.K. structure with automorphic poten- 
tial on a compact manifold of complex dimension at least 3. Then there exists a 
holomorphic embedding of {M, J) into a linear Hopf manifold {Ha, J a)- Moreover, 
if {M, J, $g) is Vaisman then there exist a holomorphic embedding into a diagonal 
Hopf manifold. 

Because we want to eventually prove theorem [5] we will work with l.c.K. struc- 
tures with integral period lattice. 
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5.3. Families of l.c.K. structures and Moser type results. Extending previ- 
ous work of Banyaga [5], Bande and Kotschick [T] have proved a Moser stability 
type result for l.c.s. structures. Here we only state a particular case which will 
suffice for our purposes. 

Theorem 7. (Corollary 3.3. in [1). Let $4, t E [0,1], be a smooth family of 
l.c.s. structures on a compact manifold M such that the corresponding Lee forms 
LOt have the same de Rham cohomology class. Suppose there exists a smooth family 
of 1-forms at such that $4 = dui^at. Then there exists an isotopy (f>t such that 4>t^t 
is conformally equivalent to $0 for all t. 

In a compact Kahler manifold the convex combination of any two Kahler forms 
is Kahler, so cohomologous Kahler forms define the same symplectic structure up 
to a diffeomorphism isotopic to the identity. 

The space of l.c.K. structures with fixed Lee form is discussed in [35]. One can 
slightly generalize those results to obtain stability for the conformal class of the 
underlying l.c.s. structures. 

Lemma 2. Let {M,J) be a complex manifold. Then the .space of l.c.K. .structures 
with fixed Lee class is connected. Moreover, the same holds for l.c.K. .structures 
with automorphic potential. In particular if M is compact the action of the group of 
diffeomorphisms isotopic to the identity on the conformal classes of l.c.s. .structures 
with l.c.K. representatives with automorphic potential, has orbits parametrized by 
the Lee class. 

Proof. Let $g, $g' be two l.c.K. structures in (M, J) with the same Lee class [ui] . Let 
(M, J) be a exact covering space. Then one has scaling functions /, /' G C°°{M) 
and automorphic Kahler forms ft — e^^^g, ft' — e^^ 

The convex combination fit = {1 — t)fl + tfl' defines a family of automorphic 
Kahler forms (for Thus, they define a 1-parameter family of conformal 

classes of l.c.K. structures with Lee class [a;]. It is easy to find a smooth path of 
representatives by just choosing the path of functions ft = {l — t)f + tf' which have 
all additive character [uj]. 

If the given l.c.K. structures have automorphic potential r,r', then = (1 — 
t)r + tr' is an automorphic potential for . 

Thus, if we are in a compact manifold we can apply theorem [7] and this proves 
the lemma. □ 

Remark 11. The stability result in lemma [2] also holds for exact l.c.K. structures 
by applying Hodge theory to find potential 1-forms [I]. 

All linear Hopf manifolds Ha are diffeomorphic to S'^^~^ x S^. We want to show 
that, in an appropriate sense, the conformal class of the l.c.s. structure induced by 
any $^ with integral period lattice is unique (see remark [T^ . 

Proposition 1. If A E GL{N,C) has eigenvalues of norm smaller than 1, and 
{Ha, J a, '^Ai'^a) is a l.c.K. structure with automorphic potential and integral period 
lattice as constructed in [151 128j . then there exists a diffeomorphism 

cI)a: {S^""-' X S\d9) ^ {Ha,uja) 

which is a (full) morphism and pulls back the conformal class of^A to the conformal 
class of the standard l.c.s. structure with integral period lattice ^n- 

Proof. According to theorem [7] we just need to find a diffeomorphism such that 
(j)*A^A and $Ar can be joined by a (piecewise) smooth path of l.c.K. structures 
-for possibly different complex structures- with integral period lattice, and with 
potential 1-forms varying smoothly. 
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We do it in several steps. We assume that A is not diagonalizable. By remark 
[TO] we can find A' diagonalizable and a diffeomorphism (pi : Ha' — > Ha so that ^a' 
and 4>l^A can be joined by a smooth family of l.c.K. structures with automorphic 
potential and integral period lattice, and such that the Lee form and automorphic 
potential are the same. Therefore, we can assume without loss of generality that A 
is diagonalizable. Note as well that the deformation argument in [28 may produce 
many l.c.K. structures with automorphic potential and integral period lattice. By 
lemma [2] they all belong to the same conformal class. 

The second step amounts to comparing all l.c.K. Vaisman structures with integral 
period lattice in a given GL{N,C) orbit. In for A diagonal an automorphic 
potential is given defining a Vaisman structure with integral period lattice. The 
associated Kahler metric in C^\{0} is invariant by conjugation by GL{N, C), since 
it is defined by a potential. Given any A, A' in the same orbit, ii A' — L * A, then L 
pushes any path of l.c.K. structures with automorphic potential and integral period 
lattice starting at the Vaisman structure into a path of l.c.K. structures with 
automorphic potential and integral period lattice starting at the Vaisman structure 
^A'- This implies that we can assume A to be diagonal. 

The automorphic potentials for the Vaisman structures with integral period lat- 
tice in [15j in diagonal Hopf manifolds, depend smoothly on the eigenvalues (see also 
[26] . section 2.2, for an explicit formula). Let A be diagonal. We assume that all 
eigenvalues have norm q . We let A' = A/2q and consider the convex combination 
At — {1 — t) A + tA' with eigenvalues whose norm is qt- 

A fundamental domain for HAt is the closed annulus A(qt, 1) of Euclidean radii 
qt, 1, and the manifold is obtained by applying the same diffeomorphism 5^^"^ — >■ 
g2N-i jpj, t. Let kt : [qt, 1] [1/2, 1] be the linear orientation preserving dif- 
feomorphism. Then for the product decomposition of the annuli into radial and 
spherical coordinates, 

kt X Id: A(gt,l) ^ A(l/2,1), 
is a diffeomorphism which descends to a diffeomorphism 

Kt: Ha.^Ha'. 

Therefore Kti,^At is a path of l.c.K. structures (for the induced complex structures) 
with automorphic potential and integral period lattice which connects ^a' with 
Kq^^^a- Then by Moser stability the positive conformal class is the same, which 
implies that we may scale the eigenvalues at will. If not all eigenvalues have the 
same norm, they do have the same norm for an obvious Hermitian metric. By 
connecting that metric with the Euclidean one, and using the corresponding path 
of integral Vaisman structures, we may assume without loss of generality that all 
eigenvalues have norm 1/2. 

We note that in the previous considerations we really need the path of l.c.K. 
structures connecting the two sets of eigenvalues; the diffeomorphisms that we 
are considering between different diagonal Hopf manifolds are not holomorphic in 
general, so one cannot apply lemma [21 

The final step is correcting the argument of the eigenvalues. If we identify the 
spheres of radius 1, 1/2 by the homothety, we obtain the isomorphism 

(i?id/2,*id/2,rf^„/,,^id/2) = {S^^-' X S\'^N,m.d9). 

Also Ha is a mapping torus over with return map (pA '■ S'^'^^^ S'^^~^, which 
is clearly isotopic to the identity. We can for example construct a path of diagonal 
matrices At joining A with Id/2 by rotating the eigenvalues clockwise until we reach 
1/2. It is easy to produce diffeomorphisms 

Kt : HAt ^ Hi^/2 
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thus getting a path of l.c.K. structures (for the induced complex structure) with 
automorphic potential and integral period lattice connecting with Ko^,^a- O 

Remark 12. Linear Hopf manifolds are not canonically diffeomorphic to S*^^^^ x 
S^. Proposition [T] has produced for Ha many diffeomorphisms Ha — > -ffid/2 in the 
same isotopy class taking $^ to the positive conformal class of ^at. Therefore a 
fortiori the diffeomorphism class of the positive conformal classes of $a and 
coincide, and it is in this sense that the positive conformal class of ^a in S*^^^^ x 
is unique. 

Proof of theorem\^ Let (M, J, $g) be the given l.c.K. structure with automorphic 
potential and integral period lattice. Suppose that ^E* is a holomorphic embedding 
of (M, J) into the linear Hopf manifold {Ha^Ja) with a l.c.K. structure $a with 
automorphic potential r^i, and Lee form loa with integral period lattice (see |27)). 

By proposition [T] we have 0: Ha S"^^^^ x a, diffeomorphism pulling back 
$Ar to the positive conformal class of Because : {M,'^*(jja) — >■ {Ha,oja) 
is a morphism, 'i>*^A is d**c^^-closed. Non-degeneracy follows from the fact that 
'i'*^A{', J-) is the restriction of the Hermitian metric ^a{:,Ja')- Therefore, by 
lemma [5] we just need to show that — [ujg] and that 'i/*^A is a l.c.K. 

structure with automorphic potential. 

To this end we need to recall some aspects of the construction of the holomorphic 
embedding: The manifold (M, J) carries a l.c.K. structure with integral period lat- 
tice. In the smallest exact covering space (M, J, fl), whick has deck transformation 
group F = Z generated by the contraction 7, one constructs a holomorphic map 
from the 1-point Stein compactifications 

^ : M ^> C" 

which is equivariant with respect to the group isomorphism F {A), j ^ A. Then 
one gets the (holomorphic) commutative diagram of morphisms 

(M,0) (C^\{0},0) 

(18) 

(M,**c^^) {Ha,uja) 
By lemma [1] the additive character [uja] characterizes the multiplicative character 
XA- Because ^ is equivariant with respect to the action of the groups of deck 
transformations and the morphism relating the deck transformation groups is an 
isomorphism, we have 'i'*XA = X[uig]- By lemma [T] and commutativity of (jl8p we 
conclude 

Because ^E" is equivariant w.r.t. deck transformations, it pulls back an automorphic 
potential for VIa (w.r.t. XIuja]) i^^^^ automorphic potential for '^*Qa (w.r.t. 
X[**wa])- Therefore by commutativity of ([T5)) it follows that the conformal class of 
l.c.K. structures defined by 'i>*^A has automorphic potential. 

□ 

Remark 13. Theorem holds more generally for arbitrary l.c.K. structures with 
automorphic potential (see remark [T]). 

6. Universal models for reduction of l.c.s. structures of the first 

KIND 

Any symplectic structure in a manifold of finite type can be obtained by reduction 
of the standard symplectic structure in M^" lOj. 
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Reduction has been extended for l.c.s. structures [Tl|. Among l.c.s. structures, 
those of the first kind bear relations with contact and cosymplectic geometry (see 
remark [8]). Based on the universal models for reduction for the latter structures, 
one is led to consider the following family of l.c.s. manifolds of the first kind: For 
each pair of natural numbers {N, fc), we define 

Mfc jv = R X j1(T''^ X M^), (19) 

where J'^(T'^ xR^) is the 1-jet bundle of the cartesian product of the fc-dimensional 
torus and R^. Denote by s the coordinate on the first factor in (fT9)) . by u the real 
coordinate in J'^{T^ x R^) = K x T*(T'= x M^), by {h, . . . ,ijv) the coordinates 
in M^, and by 9i, ... ,9k the periodic coordinates in T*^ (with period 1). li ji — 
(/ii, . . . , fik) is a fc-tuple of real numbers, a computation shows that the 1-forms 

k 

= ds + ^ Hjd0j , ak,N = du- Xfk xrw 

fit into a l.c.s. structure of the first kind 

^k,N,fj. ■= dak,N - A ak,N- 
The t.i.a. associated to ak,N and the anti-Lee vector field are respectively 

ds ' du 

Let (M, $,a) and (M',$',q') be l.c.s. manifolds of the first kind. A diffeo- 
morphism 5' is said to be of the first kind if it is a strict morphism and satisfies 
'^*a' = a. In such a case, we have that ^1**$' = $, and the associated t.i.a. and 
the anti-Lee vector fields are ^'-related. 

The action of SL{k, Z) in /c-tuples of real numbers ^ is seen to induce an action 
on {Mk,N,^k,N,fj.,0!k,N) by diffeomorphisms of the first kind. 

Before proving that (Mk^N, ^k,N,fn o:k,N) are the universal models we are looking 
for, we need to say a few words about reduction of l.c.s. structures. 

Among the results in [14] , conditions mimicking coisotropic symplectic reduction 
are imposed on a submanifold C of a l.c.s manifold (M, $,a;), such that the leaf 
space associated to the involutive distribution ker<l>|c inherits a l.c.s. structure 
((C, ker$|(7) is a reductive structure [II]): let T be the distribution integrating 
ker$|c. Assuming C/ J" to be a manifold, one wants the projection (C, cj|c) CjT 
to become a strict morphism, so is asked to be J^-basic. Then exactly the same 
proof used for symplectic coisotropic reduction produces a l.c.s. form in the quotient 
whose pullback is <l>|c. We are interested in finding further conditions so that l.c.s. 
structures of the first kind are preserved under reduction. 

Lemma 3. Let ($,«) he a l.c.s. structure of the first kind on M with Lee form 
w and associated t.i.a. B. Let C he a submanifold of M such that the following 
properties hold: 

(1) B and E are tangent to C . 

(2) The involutive distribution kerwi^" H keraic fl Vevda\c has constant rank, 
thus defining a foliation T . 

(3) The leaf space Mq = C jJ- has a manifold structure induced by the projection 
tt: C ^ Mq. 

Then Mq inherits a l.c.s. structure of the first kind {^o,ao) with Lee form wq 
characterized by it: {C,u]\c) ~^ (^Oi^^o) being a strict morphism such that a\c = 
7r*ao (and thus ~ 7r*$oj. The associated t.i.a. and anti-Lee vector fields are 
the projection of B and E respectively (which are J- -projectable) . 
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We say the C is strongly reducible and that {Mo,^o,aQ) is the reduction of 
{M,a,u:) (byC). 

Proof. It is routine to check that uj\c, are J-'-basic forms, B\c,E\c -F' 

projectable vector fields and that they induce in Mq a Lc.s. with the stated prop- 
erties. □ 

We note that a concatenation of reductions is in an obvious way a reduction in 
just one stage. 

Lemma 4. // a l.c.s. manifold of the first kind (A/3, $3, 013) is the reduction of a 
l.c.s. manifold of the first kind (Af2, $2,0^2) by the submanifold C2 C A'/2 and if 
(Af2,$2,ct2) is the reduction of a l.c.s. manifold of the first kind (Afi,$i,ai) by 
the submanifold Ci C A/i, then $3, Q!3) is the reduction of (Mi, $1, ai) by the 
submanifold C[ — tTi^{C2), where tti : Ci — Af2 denotes the canonical projection. 

Proof of theorem[3[ Let {M, <&, a) be a Lc.s. structure of the first kind in a manifold 
of finite type. Let k be its rank and let /j, S M*^ be a basis of its period lattice A. 

In a first step we construct a l.c.s. manifold of the first kind with the same 
period lattice and whose Lee form has an appearance close to w^, together with a 
strongly reductive submanifold whose reduction is (Af, <I>,a). 

The finiteness of the first Betti number together with the choice of a basis of the 
period lattice implies that we can write 

k 

where j — 1, . . . , k, is integral, the classes . . . linearly indepen- 

dent over the integers, and ujq is exact. We fix Tj : M such that T*d0j ~ cuj 

and define 



Ml = Af X r*(T'=). 

Let {9j , rj ) be the corresponding coor dinates on T'' x M'^ = T*(T'=). Then it can be 
checked that the 1-forms 

k k 

ai = a + iJ,jrj{d9j — ojj), uji = ojq + f^jdOj (20) 
j=i j=i 
define a l.c.s. structure of the first kind $1 with t.i.a. and anti-Lee vector field 
respectively 

^ d ^ d 

j=l 1 j = l 3 

We define Ci to be the image of the embedding 

F: M xR'' — > Ml 

{x,rj) I — > {x,Tj{x),rj). 

A direct computation shows that Ci is a strong reductive submanifold of {Mi, <I>i, 
ai) and that the reduction is isomorphic to (Af, a, w, B). 

In the second step we construct a l.c.s. manifold of the first kind with the same 
Lee form and whose potential 1-form has an appearance close to aM,k, together 
with a strongly reductive submanifold whose reduction is {Mi, $1, ai). 

We define 

Af2 = M X J^Mi, 



(21) 
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with coordinate s for the first factor and u for the real factor of the 1-jet bundle. 
The 1-forms 

L02 = ds + uji, a2 = du- Aj\/i (22) 
are seen to define a l.c.s. structure $2 with t.i.a. and anti-Lee vector field respec- 
tively 

OS OU 

As for any l.c.s. structure of the first kind, the vector fields Bi,Ei have com- 
muting flows. Denote by C2 the open subset of x Mi in which the composition 
of both flows is deflned, and embed it in M2 via the map 

G : C2 ^ M2 
{s,u,x) I — > {s, ~u, —ai{x)). 

A direct computation shows that C2 is a strongly reductive submanifold of {M2 , $2 , 
02) whose reduction is isomorphic to {Mi, <i>i, ai). In fact, if <j) and ip are the flows 
of the vector flelds Bi and Ei, respectively, then the map 

C2->Mi, {s,u,xi) i>u{(f)sixi)) 

induces an isomorphism between the l.c.s. manifold {Mi,^i,ai) and the l.c.s. 
reduction of (A/2, $2, 0^2) by the submanifold C2. 

In the third step we seek to simplify the formula for the Lee form. To that end 
we will not perform any reduction, just apply an appropriate diffeomorphism of 
M2. 

We take /o : M — > M with ljq = dfo ■ The Lee form can be written 

k 

u!2 ~ ds + dfo + Hj dOj . 

The diffeomorphism is 

H : Ms := M2 = M x M x T*Mi — > M2 

{s,u,^,x) I — > (s - /o(x),M,^,a;). 
If we puUback the l.c.s. structure we obtain 

k 

as = Q!2, 0J3 = ds + ^ fijd9j, B3 = B2, E^ = E2. 

The final step is a further reduction to make the last simplification of the poten- 
tial 1-form. We take an embedding M ^ M"*" which allows us to consider a new 
embedding i' : Mi = M x T*T'' M x T'' x K'^ T'^ x M^, with N ^ An + k. 

Now, we take the imivcrsal l.c.s. manifold of the first kind 

(Mk^N, ^k,N,ti, akM)- 

Denote by tt: Mk^N — > T*^ x be the bundle map projection. We define 

C4 = 7r-i(z'(Mi)). (23) 

A final check shows that C4 is a strongly reductive submanifold of {Mk^]\;,^k,N,fj,, 
<Xk,N) whose reduction is isomorphic to (M3, <i>3, aa). Thus, using lemma[4l we prove 
the theorem for the chosen basis fi. 

Different choices of basis are related by the action of SL{k, Z), which acts on the 
corresponding universal manifolds by diffeomorphisms of the first kind. Thus, we 
rather use A in the notation for our universal manifolds -as in theorem [31- since it 
is the S'L(fc, Z)-orbit what we look at. □ 
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7. Universal models for equivariant reduction of l.c.s. structures 

of the first kind 

In this last section we will prove theorem |4j an equivariant version of theorem 
[31 Let (M, $,a) be a l.c.s. manifold of the first kind with Lee 1-form u and 
■0 : G X M ^ M be an action of a Lie group G on M. The action is said to be a 
l.c.s. action of the first kind if each automorphism ipg, g Cz G, is of the first kind. 
In such a case, we have that the associated t.i.a. B and the anti-Lee vector field E 
are G-invariant with respect to ip. 

Now, we consider G a strong reducible submanifold of (M, $, a) which is G- 
invariant with respect to iJj. Denote by (Mq = C/J-,^o,ao) the reduction of 
(M, <I>, a) by G (see lemma [3]). Then, one may easily prove the following result. 

Proposition 2. Let tp: G x M — > M be a l.c.s. action of the first kind and G 
be a G-invariant strong reducible submanifold of M . Then, there exists an induced 
l.c.s. action of the first kind iJjq: G x Mq — > Mq of G on the l.c.s. reduced manifold 
(Mq ~ G/J-, $0j Q^o) of the first kind. 

If the conditions of proposition [2] hold (Mq, c^Oi V'o) is said to be the equivari- 
ant reduction of (M,^,a,ip) by the submanifold G. 

Next, we will prove theorem[4l For this purpose, we will use the following lemma 
(see [H]). 

Lemma 5. Let G be a compact and connected Lie group and : G x M ^ M be 
an action of G on a connected manifold M. Then, 

(1) If l3 is a k-form on M with integral cohomology class, the average j3 = 
jQ{'ip*l3)dg represents the same integral class, provided dg the invariant 
Haar measure of total volume 1 . 

(2) // f : M ^ is a smooth map and the 1-form j3 — f*d9 is G-invariant, 
then there exists a representation ip: G ^ of G on such that f is 
equivariant with respect to usual action of on itself, that is, 

f[ipg{x)) = ^{g) ■ f{x), V.g eG andxe M. 

Proof of theorem [7} In order to prove this theorem, we will rewrite the proof of 
theorem [31 adding the corresponding equivariant notions. So, like in the proof of 
theorem [31 we start with a decomposition of Lee 1-form uj associated with (<I>, a) 

k 

From lemma [3 one deduces that Uj and the average uij = J^ip*{u!j)dg represent 
the same integral cohomology class, for j = 1, . . . , fc. Therefore, one may suppose 
without loss of generality, that ujj is G-invariant. 

Now, we may consider the map : M — >■ which satisfies T*d9j — uij, for 
j — 1, . . . , fc. Then, using again lemma [5l we can choose for each j an action of G 
on (induced by a representation Lpj: G — > S^) such that the map Tj is equivariant, 
i.e., 

T](:ipg{x))^^j{g)-Tj{x). 

We remark that d9j is G-invariant with respect to the action ipk.: G xT^ — > T*^ 
given by 

{^k)a{ei,...,9u) = {vi{g)-9u...,Vk{g)-eu), 
with (0i,...,0fe) eT^ 

Next, we introduce the action tpi: G x Mi — >■ Mi of G on the manifold Mi = 
M X r*(T*-^) given by 

Mg, (x, 0, r)) = {^g{x), {^Pk)gi9),r) with xeM and {9, r) € T*T\ 
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Then, we have that the l-forms ai and lui on Mi given in (j20p are G-invariant 
with respect to V'l- Moreover, if i^: A/ x R*^ — s> Mi is the embedding described in 
([2T1). the submanifold Ci = F(M x M*^) is also G -invariant. In addition, under the 
identification of M with the reduction of Mi by Ci, the induced action from ipi on 
this reduced space is just V- 

Take M2 = K x J'^Mi and the cotangent lift of Vi, T*^i : G x T*Mi T*Mi, 
and we construct the action tp2 - G x M2 ~^ M2 on M2 given by 

{ip2)g{{s,u,a^J) = (s,'u,T*(?/;i)g-i(a^J) 

for (s, M, aa:i) S M X i/^Mi and xi S Mi. Using the fact that oji is G-invariant with 
respect ipi and Xmi G fi^(Mi) is G-invariant with respect to T*'iIji, we deduce that 
the l-forms uj2 and a2 on M2 described in ([^ are G-invariant with respect to V'2 ■ 

Note that, since the vector fields E and B and the 1-form ai are invariant, it 
follows that the submanifold C2 is G-invariant with respect to the action -02 • In 
fact, under the identification of Mi with the reduction of AI2 by G2, the induced 
action by -02 is just 01- 

In the third step of the proof of theorem [31 we have that the map H : M3 = 
M2 M2 defined in f^H]) is a diffeomorphism. On the other hand, one may assume 
that the real function /o is also G-invariant. It is sufficient to take 

fo= f rg{fo)dg 
Jg 

which is G-invariant and dfo — ujq. Thus, the diffeomorphism H: il/3 — > AI2 is 
equivariant and it induces a new action ip^: G x M3 — > M3 such that as, ws, B3 and 
E3 are G invariant. 

Since G is compact and M is of finite type, from the Mostow-Palais theorem 
[551 [31] I we deduce that there exist an integer n, an orthogonal action of G on 
K" and an equivariant embedding i: M ^ M". Therefore, we have an orthogonal 
action of G on x with N ^n + k 

tpk.N : G X T'' X ^ T*^ X 

given by 

{■ipk.N)g{z,r,a) = ((0fe)g(z),r,5 ■ a), 
with (z, r, a) G T'' xM*^ xM". Thus, we may consider the l.c.s. action on {Mk^N, ^k,N,ti, 
ak.N,uj^) defined by 

(V'fe,Jv)g(s,'", 7(2,4)) = {s,u,T*{ijk,N)g-^h{z,t))) 

for (s,u,72,t) e Mfe^AT and (z,i) G T*" x E^. Note that the 1-form ak.N ^ du ~ 
At^xR™ is G-invariant with respect to '4'k,N- Moreover, since d9j is G-invariant 
with respect to 0fc then is G-invariant with respect to ipk,N- 

The induced embedding i' : Mi =_M x T*^ x ^ T'^ x by z : M R", is 
G-invariant with respect to "01 and if>k,N- Thus, i'{Mi) is G-invariant with respect 
to 4'k,N- Since the projection tt: Mk^N — 5- T*^ x M.^ is G-invariant with respect to 
'ipk,N and Tpk.N we conclude that G4 = 7r^^(i'(Mi)) is G-invariant with respect to 
'4'k,N- Finally, under the identification of M^ with the reduction of M^^n by G4, the 
induced action from il}k,N is just -ij:^. 

The action of SL{k, Z) is equivariant w.r.t. to the action of tpk,N, so may consider 
the SL{k, Z)-orbit and cut down the dependence of the construction from the basis 
fi to the lattice A. □ 

Remark 14. It is natural to try to define universal models for Vaisman manifolds 
via reduction. One obstacle we find is that our universal l.c.s. manifolds of the first 
kind {Mk,N, ^k,N,tx, ctfc.Ar) do not seem to admit compatible Vaisman structures in 
a straightforward manner. As for the process of reduction itself, l.c.K. coisotropic 
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reduction can be defined in an obvious way: to define l.c.s. reduction one requires a 
regular foliation with smooth leaf space which integrates ker$|c and requires uj\c to 
be J^-basic. The additional ingredient is an integrable compatible almost complex 
structure in the leaf space. It is reasonable then to further ask (1) TC n JTC 
to be of constant rank and complementary to in C, and (2) the CR structure 
(C, TC n JTC) to be J^-basic, i.e. invariant by flows of vector fields tangent to J-. 
Of course, what is difficult is to give geometric conditions which imply that l.c.K. 
coisotropic reduction is possible. This was done in [9 for twisted Hamiltonian 
actions by automorphisms of the structure (preserving J and the conformal class 
of For Vaisman coisotropic reduction, one further adds the requirement of C 
being stable under the holomorphic flow of £? — iJE. If a Vaisman manifold is 
acted upon by a group of Vaisman automorphisms, then the action by definition 
commutes with the flow of i? — iJE, it is twisted Hamiltonian, and free on the 
inverse image of zero if this is non-empty [9], so coisotropic Vaisman reduction is 
possible. 

8. Conclusions and future work 

Universal models for several types of l.c.s. manifolds associated with embedding 
or reduction procedures are obtained. The existence of these universal models for 
embeddings (in the compact case) is related with the search of a universal model for 
a compact manifold M endowed with an arbitrary 1-form Q. In this case one may 
embed the manifold into a sphere S^^~^ and the puUback of the standard contact 
1-form on S^^~^ is just Q (up to the multiplication by a positive constant). In 
relation with previous results, our method allows to cut down substantially the 
dimension of the sphere. In the particular case of a compact contact manifold 
M, we give a simple proof about how to obtain a contact embedding (up to the 
multiplication by a positive constant) from M to 5^^^^. 

Using these results, we have seen that the universal model (via embeddings) 
of a compact exact l.c.s. manifold with integral period lattice is the cartesian 
product 5'2Af-i X ^1 ^j^j^ ^]^g standard l.c.s. structure. In the particular case of a 
l.c.K. structure with automorphic potential and integral period lattice on a compact 
manifold M, we have discussed the relation between the l.c.s. embedding of M into 
g2N-i ^ ^1 ^j^^ recent holomorphic embedding results for this type of manifolds. 

Finally, we have obtained that a universal model for a l.c.s. manifold (of flnite 
type) of the first kind via a reduction procedure is R X J^{T'' X R^) endowed with 
a suitable l.c.s. structure. An equivariant version of this result has been presented 
at the end of the paper. 

It would be interesting to pursue the existence of universal models (for embedding 
and reduction procedures) for arbitrary l.c.s. manifolds. 

Appendix A. Non-exactness of the Oeljeklaus-Toma l.c.K. 

STRUCTURES 

In this appendix we will show that the Oeljeklaus-Toma l.c.K. manifolds are not 
exact. 

We briefiy recall the construction of the Oeljeklaus-Toma l.c.K. structures (for 
details see [211 [35] and references therein) : 

Let K be an algebraic number field of degree n and let cri cr„ be the distinct 
embeddings of K into C. Assume that cri, . . . , (T„_2 are real and (t„_i and cr„ are 
non-real. Let Ok denote the ring of algebraic integers of K, which is a rank n free 
Z-module. Let Oj^^ denote the positive units, i.e. those units u G O}^ such that 

<7i{u) > 0, z = 1, . . . , ri — 2. 
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According to Oeljeklaus and Toma the actions 

Ta{zi,...,Zn-i) := (zi +cri(a),...,z„_i +cr„_i(a)), a e Ok, 
Ru{zi, . . . , Zn-i) := (cri(M)zi, . . . ,ct„_i(m)z„_i), u e O^i^ 

fit into a free co-compact action of the semi-direct product Ok x 0*jf^ on H"^^ x C, 
where H denotes the upper half plane. The corresponding quotient 

{Mk, Jk) := H"-2 X C/Ok x 0^+ 

is called an Oeljeklaus- Toma manifold. 
Consider the function 

r:H"-2 — y R 

n-2 

(zi,...,Z„_2) I > WilVCLZi)-^ (24) 

z=l 

and the standard 2-form 

$std = dzn-1 A dz„_i e f^^'^(C), 

and define 

n = dd(j) + ^std- 

Then f2 is a Kahler form on H"^^ x C such that 

T^n = n,ae Ok, (25) 

and 

Hence Ok >^ 0*j^^ acts by Kahler homotheties giving rise to a multiplicative char- 
acter X, and therefore the Kahler form descends to a conformal class of l.c.K. struc- 
tures with Lee class associated to x (see lemma [1]). We let be a representative 
of the induced conformal class of l.c.K. structures. 

Note that r in (1241) is an automorphic function, but the function r + z„_iz„_i 
-which is a dd'^-potential for VL- is not automorphic. That no automorphic potential 
for can exist is a consequence of the following result: 

Proposition 3. The Oeljeklaus- Toma l.c.K. manifold {Mk, Jk,^k) is non-exact. 

Proof. By lemma [1] exactness of {Mk, Jk, ^k) is equivalent to 

n = da, aen\W-^ xC)^. (26) 

Because r is automorphic ([25]) is equivalent to 

^da,a<E n\m"^-^ X C)^. (27) 

Let us assume that (P7)) holds. 
Let us write H = M x R>° and 

H"-2 X C = (M>°)""^ x K"-2 X C. 

Because (i) the action by translations of Ok on H"^^ x C is trivial on the factor 
(K>0)""^ {a,{a) € R, a € Ok, i ^ I, ■ . ■ ,n - 2) and (ii) ct(Ok) C W'"^ x C is a 
lattice of full rank [24] , we have 

H"-2 X c/Ok ^ (M>°)""^ X T". 

According to ((25)) the restriction of x to Ok is trivial and thus both a and <i>std 
descend to forms d, $std on (M>0)"" x T". By ^ we obtain 

$std = da. (28) 
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Note that because $std is constant, it is invariant by any translation in (R>°) x 
M"-2 X C. In particular $std e O2((R>0)""^ x T") is invariant by the T"-action. 
Fix a Haar measure in T" of total volume 1 and denote the average of d by J a. 
Average ((28|) and use the invariance of $std to get 

$,td ^dj a. (29) 

Fix any {y} e (R>°)" ^ and the corresponding torus T" :— {y} x T". The result 
of restricting ((29)) to this torus is 

$,td|T" =d(ya|T")- (30) 

Observe that by construction "I'stdiT" is a non-trivial 2-form. On the other hand 
the restriction J d|T» is an invariant 1-form, and thus its exterior differential must 
vanish, which contradicts ([30]) . 

□ 
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